Experimental techniques to verify Majorana fermions is of current interest. A prominent test is the effect of Majoranas on the Josephson current between two wires linked via a normal junction. Here, we study the case of a quantum dot connecting the two superconductors and the sign of the supercurrent in the trivial and topological regimes under grand-canonical equilibrium conditions, explicitly allowing for parity changes due to, e.g., quasi-particle poisoning. We find that the wellknown supercurrent reversal for odd occupancy of the quantum dot (π-junction) in the trivial case does not occur in the presence of Majoranas in the wires. However, we also find this to be a mere consequence of Majoranas being zero energy states, and therefore one cannot conclude that the lack of supercurrent sign reversal is a discriminating signature of Majoranas.
I. INTRODUCTION
Majorana bound states in condensed-matter systems have attracted enormous interest in the last decade [1] [2] [3] [4] [5] , owing mostly to their fundamental, quantum statistical properties and their potential application in fault-tolerant, topological quantum computing 1, 6, 7 . A promising candidate among several potential physical systems 6, [8] [9] [10] [11] [12] [13] [14] [15] [16] to host such states are semiconducting, quasi one-dimensional nanowires with proximityinduced s-wave superconductivity, Rashba spin-orbit coupling as well as a specifically tuned parallel magnetic field 9, 10, 17, 18 . However, despite considerable experimental evidence for the presence of Majoranas in such wires 15, [18] [19] [20] [21] [22] [23] , unambiguously distinguishing Majoranas from regular Andreev subgap states 19, [24] [25] [26] [27] [28] [29] [30] remains challenging.
In principle, a desired way to unambiguously trace and exploit Majoranas in solid state systems is to measure and manipulate observables directly affected by the most distinctive properties of Majoranas -their statistics and their insusceptibility to local decoherence 1, 6, 15 . Two key long-term goals of this line of research are the possibility of braiding 6, [31] [32] [33] [34] and the successful implementation of fault-tolerant, Majorana-based qubits 7,34-37 . However, one major challenge is that building and operating such devices needs many components and fine tuning. It is thus important to find more easily applicable test criteria that, while not always fully conclusive, still provide sufficient confidence to further advance in conceiving and building the final device.
First experiments aiming to find zero-energy Majorana states in nanowires focussed on measuring the corresponding zero-bias conductance peak 18, 38 . However, due to the many possible causes of such peaks including trivial zero-energy Andreev bound states, efforts went towards detecting the 4π-phase-periodicity caused by Majoranas in the Josephson current between two superconductors separated by a semi-conducting interface 17, 20, 21, 39 . This effect critically depends on a robust zero crossing in the spectrum at a superconducting phase difference π and, most importantly, on the conservation The system of interest consists of two onedimensional, equally long (length lw) nanowires L and R that feature Rashba spin-orbit coupling and proximity-induced swave superconductivity, and of a quantum dot QD coupling the two wires. The left and right superconducting phases are denoted by φL, φR, the blue line sketches the superconducting gap ∆(x) > 0, assuming the constant ∆ > 0 in the wires and disappearing in the dot. The potential landscape V (x) is indicated by the black line. In the wires, V (x) coincides with the equilibrium chemical potential µ = 0; in the dot, it is lowered considerably to < 0 with | |/∆ 1. The square-potential barriers overlap half with the wire regions (∆(x) > 0), and half with the dot region (∆(x) = 0); they have finite length l b and height δV b > 0 compared to µ = 0. The quantum dot furthermore couples to a non-superconducting lead functioning as a probe of the density of states in the wire-dot-wire system. of parity upon sweeping this phase difference. Quasiparticle poisoning renders the latter difficult to achieve in experiments under typical stationary equilibrium conditions. Instead measuring the response to A.C. driving 20,21 , the problem is to make sure the 4π-periodicity is not simply caused by Landau-Zener transitions between topologically trivial subgap states.
More recently, devices including several nanowires coupled with quantum dots or Coulomb islands gath-arXiv:1910.04106v2 [cond-mat.mes-hall] 10 Oct 2019 ered interest, owing to their importance in quantum computation [33] [34] [35] [36] [37] 40 and their ability to detect Majoranas 22, 27, [41] [42] [43] [44] [45] [46] . Concerning the latter, measurable equilibrium signatures in such systems include subgap spectra showing Majoranas hybridizing with the junction/dot states 43, [46] [47] [48] [49] [50] , and the supercurrent exhibiting features that specifically depend on the coupling between dot and Majoranas 47,51-54 . Our main focus here is on whether and how Majoranas interfere with the formation of socalled π-junctions [55] [56] [57] , that is, the supercurrent sign reversal concomitant with parity flips in a quantum dot that connects two superconducting wires as in Fig. 1 . Specifically, it was suggested recently that both in the presence 54 and absence 52 of quasi-particle poisoning, a notable absence of such sign changes could be a signature of Majoranas in the wires.
In this paper, we more closesly examine the grandcanonical equilibrium case 54 that explicitly accounts for quasi-particle poisoning. Performing numerical analyses of the Josephson current through the system displayed in Fig. 1 , we consider local Coulomb interaction and a tunable potential in the dot, theoretically allowing to change the dot occupation one by one for arbitrary superconducting phase differences δφ = φ L − φ R and parallel magnetic fields B. We find that step-like sign reversals of the supercurrent (formation of π-junctions) indeed disappear in the presence of Majorana fermions. However, as we elucidate with the help of effective low-energy models, this can be solely due to zero-energy states wire states hybridizing with the dot, and thereby preventing total parity changes in the set of subgap eigenstates mediating most of the supercurrent. Topologically trivial subgap states in the wires as discussed in, e.g., Refs. 28-30 could hence have the same effect.
II. MODEL AND METHOD
The system of interest is modeled in Fig. 1 . Two approximately one-dimensional nanowires L and R (length l w ) with Rashba spin-orbit coupling and proximity induced s-wave superconductivity are connected by a confined junction of length l that forms a quantum dot (QD). The setup is assumed to be embedded into a superconducting loop, causing a difference in superconducting phase φ between the left and right side. Furthermore, a magnetic field is applied parallel to the entire wire, here defined to be along the x-axis. The corresponding Bogoluibov-de Gennes Hamiltonian in the basis
. This includes p x = −i∂ x , the Pauli matrices σ x,y,z in spin space, and the potential V (x) relative to the chemical potential µ. As shown in Fig. 1 , we assume a constant potential V (x) = 0 for x well inside each wire, and V (x) = with the potential shift in the quantum dot assumed to be tunable by a gate electrode. At the interfaces to both wires, there are potential barriers of length l b and height δV b . The gap ∆(x) is approximated to vanish in the normal region 0 < x < l and to be constant, ∆ > 0 in both wires. The superconducting phase φ(x) equals φ L in the left, and φ R in the right wire, where gauge invariance dictates the dynamics to only depend on δφ = φ L − φ R . The Zeeman energy B(x) assumes the constant B in the wires; for the junction, we add an additional field δB to mimic an energy splitting that would be caused by charging energy. The latter is comparable to a Hartree mean-field approximation of the Coulomb interaction 58 which neglects exchange terms and spin-degeneracy effects at zero magnetic field. Finally, we take values consistent with recent experiments 16, 48 for typical lengths l w , l, for the effective mass m * e and the spin-orbit coupling strength α. Our aim is to extract measurable signatures of Majorana modes present 9,10 for the model (1) in the topological regime B > B C = ∆ 2 + µ 2 , extending from the interface with the middle junction into the wires. We consider, on the one hand, the equilibrium supercurrent I = ∂ δφ H(δφ) eq flowing from wire to wire due to the phase difference δφ, where . . . eq denotes the average with respect to the grandcanonical ensemble. On the other hand, we study the quasi-particle spectrum of the system as probed by the energy-dependent transmission coefficient T (E) of the non-superconducting lead coupled to the central junction, see Fig. 1 . This yields the energyresolved density of states when the additional broadening and renormalization due to the coupling to the measurement probe as well as to external leads -here given by the normal lead and the superconductors (SC) [ Fig. 1 ] -is accounted for. Thus, while the spectrum can theoretically be obtained directly from the density of states, our way of explicitly incorporating the probe into the model more closely connects to both previous 59,60 and ongoing 61 experiments.
For the calculation, we second-quantize H [Eq. (1)] and map it to a tight-binding model with N sites by writing ∂ x as a finite difference with spacing d = (2l w +l)/(N −1). Phase rotating the field operators in the wire R and in the central junction by −φ R , we find (positive current means flow of positive charges from left to right)
(2) This includes direct tunneling with amplitude t = 1/(2m * e d 2 ) and spin-flip tunneling due to the spin-orbit coupling with amplitude J = α/(2d). The symbols c † N,σ , c N,σ represent the creation and annihilation operators for electrons with spin σ on the leftmost site of the central junction, right next to the last site of wire L in which c † L,σ , c L,σ create and annihilate electrons. The av-erages . . . eq are evaluated numerically using Matsubara Green's functions for the wire-dot-wire system. The transmission coefficient of the normal lead is obtained by approximating the latter as a 1D chain with a single site weakly and energy-independently coupled to only one site in the center of the normal junction, as suggested by the peaked shape of the lead in Fig. 1 . The relevant 4 × 4-subblock S of the scattering matrix is determined by the Mahaux-Weidenmüller formula 62
The couplings (δ x,y = Kronecker delta)
are determined by the direct and spin-flip tunneling amplitudes t n , J n at which the particles(η = +)/holes(η = −) of spin σ =↑↓= ± at site m in the wire-junction-wire system couple to any of the four states associated with particles(η = +)/holes(η = −) of spin σ at the first site of the normal lead [ Fig. 1 ]. The lead density of states ρ is assumed to be energy-independent (wideband limit). The transmission coefficient is finally obtained as
where the 2× 2 matrices S ee and S eh contain all elements of S representing electrons from the normal lead reflecting as electrons (ee) or holes (he) back into the lead.
To understand the behavior of I and T , we relate them to the fermion parity p GS = (−1) N GS in the ground state (GS) of H, calculated using the Pfaffian as in Ref. 17 . Moreover, we compare the system in the topological regime to a simplified Hamiltonian H t in which the (quasi-)continuum of the wires for energies |E| > ∆ is projected out. As such, H t includes one Majorana for each wire, γ L and γ R , and a single fermionic orbital f † σ , f σ with majority/minority spin σ = ±, corresponding to the direction anti-parallel(+) and parallel(−) to the wire. For simplicity, we assume the Majoranas to be polarized anti-parallel to the external field in this simple model. The dot is subject to strong onsite Coulomb interaction U/∆ 1 and couples via spin-conserving and spin-flip tunneling to both Majoranas. Introducing n σ = d † σ d σ and the nonlocally fused fermion
The fused fermion has no "onsite"-energy term since the Majoranas on their own are zero-energy modes, and since direct hybridization between the two Majoranas -locally separated by the dot -is negligible compared to the coupling between Majoranas and dot. The low-energy projection of the equilibrium supercurrent (2) is given by
(7) To qualitatively compare this to the current I in the simulation [Eq. (2)], d t and α t entering the couplings t t = 1/(2m * e d 2 t ), J t = α t /(2d t ) are set such that the peaks in I t as a function of δφ and for fixed Zeeman energy B t and U deviate 1% in height from those of I. Furthermore, for a qualitative assessment of the mean-field treatment of the interaction in the simulations, we evaluate the grandcanonical ensemble averages . . . eq ∼ e −Ht/T with the two-particle dot onsite interaction ∼ U > 0 fully accounted for, exploiting that H t decouples into two 4 × 4-blocks of opposite fermion parity. Note, however, that H t does not capture the internal spin-orbit coupling affecting hopping within the normal region in the simulation. This leads to an underestimated magnitude of minority-spin tunneling and to a smaller level splitting compared to the simulation when choosing δB = U/2 and B t = B. We compensate this by enhancing J t with a factor α t > α, and by setting δB < U/2. Most noticeable in the latter are sharp steps between positive and negative currents as a function of for constant δφ. These well-understood π-phase shifts of the supercurrent 55-57 directly coincide with flips of the fermion-parity in the junction, reflecting also in the total ground state parity p GS . Given a splitting ∼ 2(B + δB) due to both magnetic field and interaction, the resonances of the two levels with the chemical potential define an -interval in which this parity is odd, and the current sign is inverted. By striking contrast, in the topological regime B > B C , there is no sign change as a function of , and instead we find two peaks and a more abrupt, non-sinusoidal sign change at phase δφ = π. The ground state parity p GS still flips at two different levels , but not anymore close to the current peak positions.
III. RESULTS

A. Supercurrent and parity flips
The question when and why flips of which parities correspond to a rapid sign change in the supercurrent can be answered with the general current expression The main point is now that the energies with the largest phase derivative belong to the subgap states localized close to the dot-wire interfaces. In Fig. 2(c) , we plot the -dependence of these subgap-state energies as probed by the transmission T (E) obtained from Eq. (3). In the trivial regime B = 0, there are two levels with particle-hole symmetric zero crossings, correspond-ing precisely to the levels at which Fig. 2(a) indicates parity flips with concomitant supercurrent sign changes. In the topological regime B > B C , the visible energies in Fig. 2(b) do not cross zero anymore, and instead form a diamond shape. This shape has previously been highlighted in the context of how Majorana fermions and their nonlocality influence the quasi-particle spectra 43, 46 . Here, Fig. 2(b,c) show that these states provide the dominant current contribution and do not flip parity as a function of , thereby also leading to an absent sign change in the supercurrent.
The abrupt current sign flip at δφ = π has previously been addressed in, e.g., Ref. 47 . It stems from the fact that the Majoranas in the wire decouple from the dot at phase difference δφ = π, typically causing a zero-energy crossing and thus a parity flip. As we see in the next section III B, this parity flip is localized to the Majoranas close to the dot. Moreover, as the constant ground-state parity p GS around δφ = π suggests, it is compensated by another parity flip of the Majoranas at the outer ends of the wires, which for any finite wire length have a strongly suppressed, yet not exactly vanishing phase dependence.
As further illustrated in the next section III B, the absence of step-like -dependences (leading to current sign changes) in the topological phase can be explained by the effect of hybridization and level repulsion. In the triv-ial regime, the wire states are sufficiently far away from E = 0 on the scale of the hybridization with the dot. The dot Andreev levels increasing linearly with can therefore cross E = 0 without being level-repelled, and this crossing leads to a parity flip and a current sign change in the grandcanonical equilibrium. In the topological regime, two of the altogether 4 Majorana zero modes are, however, close to the dot, and therefore hybridize enough with the dot to repel the dot levels from zero energy. The total ground-state parity p GS still changes, but only for the weakly phase-dependent states formed by the Majoranas at the outer ends of the wires, which, as stated above, are practically irrelevant for the supercurrent by Eq. (8) . Also, since it is not the states that mediate the current which cross zero, it explains why the level positions of the p GS -flips in Fig. 2(a) do not coincide with the current peaks in the topological regime.
Our main finding is thus that Majorana modes hybridizing with the quantum dot formed by the normal junction prevents parity flips in and around the dot through level repulsion, thereby avoiding abrupt supercurrent sign changes as a function of the dot level. We, however, stress and show in the following section III B that this is only related to the existence of states that are close to zero energy on the scale of their coupling to the dot orbitals. The logic is thus that while the presence of an abrupt sign change as a function indicates the non-existence of robust zero energy states at the dot-wire boundary, an absence of a sign change or any step-like transition with or without overall sign change does not imply the existence of Majoranas.
B. Low-energy approximation
We now turn to low-energy approximations to get a better physical picture of the current-carrying subgap states in both the trivial and topological regime. We start with the latter, topological case, which is captured by the Hamiltonian (6); important expectation values are plotted in Fig. 3 . Exhibiting good qualitative agreement between the low-energy supercurrent I t ( , δφ) and the current I( , δφ) obtained from the simulation, the plots demonstrate in particular that it is energetically favorable for the majority-spin parity p + = 1 − 2n + to flip together with the parity of the nonlocally fused fermion tonian (6) cause p M to flip along with p − for an extended regime < −U − B. Altogether, we thus conclude that the above pointed out lack of -dependent parity flips in the eigenstates localized around the dot effectively results from a parity flip in both the bare dot state and in the fused fermion. Furthermore, we see explicitly that the sharp sign change in I at phase δφ = π observed in the simulation [Fig. 2 ] is caused by the parity p M of the nonlocally fused Majoranas flipping 47 . This parity p M in fact has a 4π-periodicity in δφ which, however, is not observable in the total ground-state parity p GS because the parity of the Majoranas at the outer ends of the wires flips along with p M . Finally, to illustrate the level-repulsion effect on the supercurrent for increasing magnetic fields, we consider a toy model described by the Hamiltonian (1) with only 1 site per wire and dot (N = 3), and with lattice spacing d = d t as well as spin-orbit coupling constant α = α t chosen equal to those for the low-energy model in the topological regime. This approximates the case in which the transport in the wires is dominated by regular Andreev subgap wire states. Namely, while zero-energy modes exist at B equal to B 0 = ∆ 2 + (2t − µ) 2 , these states only correspond to Majorana excitations at the singular parameter point 2t = µ, which is avoided in the following.
In Fig. 4 , we plot both the supercurrent I and the spectrum of the Bogoluibov-de Gennes matrix M [Eq. (3)] as function of and δφ for B = 0 and B = B 0 with 2t t − µ ≈ −0.6∆ = 0. Without magnetic field, we find -similarly to the case N = 2000 in Fig. 2 -an abrupt sign change at level positions corresponding to zero crossings in the spectrum. For B = B 0 , these crossings do not appear anymore, since each wire features a non-Majorana state at zero energy (red lines) that level-repels the bare dot levels (blue lines). Consequently, no abrupt step and hence sign change is found in the supercurrent anymore. Interestingly, upon increasing B > B 0 , we again do find a regime in between the two bare dot resonant levels with zero crossings. As shown in the lowest panels of Fig. 4 , these cause an abrupt step-like behavior in I as before, but not anymore a complete sign change. The key difference to the case B < B 0 is that the quasi-particle energy crossing zero is less strongly phase-dependent relatively to the sum of all higher levels not crossing zero. Consequently, the overall effect of the parity flip in the lowest level on the supercurrent is less pronounced.
IV. SUMMARY AND OUTLOOK
This paper has investigated how the stationary supercurrent through two superconducting wires coupled by a quantum dot is affected by the presence of Majorana zero modes in the wires. We have found that such modes prohibit step-like features including current sign reversals upon parity changes in the dot -the formation of socalled π-junctions -that are well-known to occur in the absence of zero-energy wire states. The disappearance of such steps in the current can, however, be explained entirely by the fact that zero-energy excitations prevent parity flips through level-repulsion; whether or not the zero-energy state is a Majorana does not seem to be essential. We thus conclude that the supercurrent does not always enable a clear identification of Majorana modes, but it allows to rule out their existence, and thereby still provides a useful test quantity for experiments.
